A rectangular parallelepiped is called a cuboid (standing box). It is called perfect if its edges, face diagonals and body diagonal all have integer length. Euler gave an example where only the body diagonal failed to be an integer (Euler brick). Are there perfect cuboids? We prove that there is no perfect cuboid.
Introduction
Cuboids have been studied extensively. It suffices to look at rational cuboids [1, 2] . Rational cuboids are characterized by seven positive rational numbers (three different edges, three different face diagonals and the body diagonal). Examples are known where all but one of the seven quantities are rational. Our approach uses the concept of a rational leaning box. This is a parallelepiped with two different rectangular faces and a face that is a parallelogram. Rational leaning boxes are characterized by nine positive rational numbers (three different edges, two different face diagonals belonging to the rectangular faces, two different face diagonals belonging to the face parallelogram and two different body diagonals). If the parallelogram face becomes a rectangle, then we have a standing box. Computer aided discoveries have shown the existence of perfect leaning boxes [3, 4, 5] . We found a two-parameter family of solutions for rational leaning boxes analytically. The two diagonals of the face parallelogram can never be equal. Thus there is no standing rational box in this family. Finally we use an equivalent description of leaning boxes to show that in general there is no perfect cuboid. In the appendices we use generic symbols which do not necessarily coincide with the ones used in the main text.
The equations for the perfect leaning box
All the following nine quantities are positive integers. x,y,z, denote the three different edges. The face rectangle (x,y) has diagonal a, the face rectangle (x,z) has diagonal b and the face parallelogram (y,z) has diagonals c 1 , c 2 . The two different body diagonals are denoted by d 1 , d 2 .
These quantities satisfy the equations
The last equation represents a perfect parallelogram [7, 8] 3 Parameterization for the rational leaning box
We look for solutions of the equations (1), (2), (3), (4), (5) in rational positive numbers.
We now scale these equations as follows
Then u k and v k , k=1,2,3,4, are positive rational numbers.
The scaled equations are 1 + u 
The last equation represents a rational parallelogram (Appendix C)
The scaled equations can be parameterized by the four Heron angles ψ k and their generators s k , k=1,2,3,4 (Appendix A) as follows
4 The three parallelograms
Besides the face parallelogram there are two interior parallelograms I. 2u
II. 2u
III. 2v
From Appendix (D.32) we have the representation
II.
III.
with m as the generator of α
and with m 1 as the generator of α 1
and with m 2 as the generator of α 2
α, α 1 , α 2 are Heron angles in the first quadrant.
In terms of generators s 3 , s 4 , with
we get from Appendix E the representation
Comparing Equations (29-32) and using (15) we find
With
and Appendix E (Lemma 7) Equations (35-38) become 0 = s 3 cos ψH(α + ψ) − s 4 sin ψK(α + ψ)
or in matrix form
The inverse equations are
Comparing equations 29,30,33,34 and using (15) we find
and Appendix E (Lemma 7), equations (51-54) become
Explicitly
Finally, comparing equations (31-34), we get from equations (37,38)
and from equations (53,54)
Thus we are left with the equations
But these are precisely equations (51,35). Thus there are only the equations (47-50) and (63-66). Proof. Proof. 
Proof.
From the identity (E.24) we get
and then Proof.
The equations for the rational leaning box
The unknowns are
The parameters are α Heron angle with generator m, ψ Euler angle and u 1 (74)
Using Appendix E the equations (47-50) result in the relations
These relations reproduce equations (29-30)
the independent equations for the rational leaning box become
From equations (82-84) with
the equations for the rational leaning box thus become
Theorem 1. For λ = 0 the solutions of the equations for the rational leaning box are given by the two rational parameters s 1 , m, where
and α has the generator m,
as follows
We also have to respect the inequality (D.13)
Proof. Equation 92 follows from equation 86. Equation 87 reads
and gives equation 93.
From equation 88 we get
Theorem 2. For λ = 0 the cuboid limit s 4 = s 3 is impossible. Thus there is no perfect cuboid in this family.
Proof. From equation (92,93) we find
Since 2α is a Heron angle, cos (2α) can not be the square of a rational number, (Appendix A, Lemma 1)
Remark 5. For ψ = 0, we get from page 4 that
and thus α + α 1 = 2σ 1 = π 2 The leaning box is then given by
Example 2. The leaning box is then given by
6 Symmetry and the general equations
We have solved the general equations (82-84) for
For a given s 1 , we found s 2 , s 3 , s 4 in terms of u 1 and α (91-93). The two parallelograms I, II in (16-17) are described by the two Heron angles α and α 1 and according to the observation in Appendix D are also described by the two Heron angles β and β 1 . Their generators are given by
Now the equation (16) is invariant under the interchange of u 3 and u 4 , and the equation (17) From (p.4) and (81) we find
Then sin (2σ
and
resulting in
Letk be the generator of
and thusλ
Therefore the parameters u 1 , β,λ also satisfy the general equations, however with the interchange of s 3 with s 4 .
7 An equivalent set of equations for the rational leaning box
For the three parallelograms we use I. 2u
According to Appendix D we have the following parameterization I. parameters
and thus the representation
Observe that ψ 1 is a Heron angle and σ, δ, σ 1 , δ 1 are Euler angles. We rename
We now have the conditions
or using eq.(111), the conditions reduce to
Using the generators, we introduce the abbreviations
The conditions (114) (115) then become
Or, using eqs (122), (123) we find
1
gives the following representation
From cos β = cos(α + β − α) = cos(α + β) cos α + sin(α + β) sin α (132)
sin β = sin(α + β − α) = sin(α + β) cos α − cos(α + β) sin α (134)
we find
and then
Finally, from eq.(107)
and from eq.(108)
From the symmetry of interchanging α and β, which corresponds to the interchange of u 3 and u 4 , we also have the representation
Example
For the special case of α + α 1 = π 2 , resulting in cos(2α 1 ) = − cos(2α), sin(2α 1 ) = sin(2α) and given the two Heron angles ψ, α ; u 1 = cot ψ, the conditions (124) (126) read
Observe that this two-parameter family of rational leaning boxes has no cuboid limit, because in the cuboid limit N=0, N 1 = 0, implying
which has no rational solutions [6] .
We now split the eq.(126) into two parts
According to the Appendix F, they have the following parameter representations, replacing λ by r, respectively by r 1 .
Now, using [8] , the equation
has the parameter representation
Conversely, for f = 0 case (i)
case (ii)
and sin(2α 1 ) = sin(2α) or cos(α 1 + α) sin(α 1 − α) = 0
For the non-trivial case,α = α 1 we have
which is the example above
This parameter representation can be verified directly.
Cuboid Limit
The cuboid limit is given by
From ( 
which, according to the example on page 21 has no cuboid limit. This is also the family found in section 5.
(ii) s = 1 . Let
For the cuboid limit
which contradicts equation (152).
Thus there is also no cuboid limit.
In conclusion, there is no perfect cuboid.
Consequence
Corollary Let α 1 , α be Euler angles and ψ be a Heron angle. Then in the equation
not both α and α 1 can be Heron angles Proof. In the cuboid limit only equation (124) is the surviving condition. If both α and α 1 were Heron angles we would have a perfect cuboid. This is a contradiction.
Example
Euler Cuboid (body diagonal not rational) For an arbitrary angle α, its generator is defined by
We have the following properties Then sin α is rational and
But according to Euler [6] , b 4 − a 4 can not be the square of an integer. Thus cos α is not rational, i.e. α is not a Heron angle, except for the trivial cases. Then tan α is rational and
But according to Euler [6] , b 4 + a 4 is not the square of an integer. Thus cos α is not rational, except for the trivial case.
Thus in any case, for a Heron angle α, sin α, cos α, tan α, cot α can not be the square of a rational number, except for the trivial cases.
Corollary 1
The elliptic curve
has only the trivial rational points (x,y), namely (-1,0),(0,0),(1,0)
Proof. Let α be a Heron angle and
Then λ can not be rational, except for the trivial cases. Let x be the generator of α λ 2 = 2 sin α cos α = 2 2x
has only the trivial rational points.
Corollary 2
Proof. Let α be a Heron angle with generator x, and
Then λ can not be rational, except for the trivial case.
Appendix B Rotations
A rotation in two dimensions is given by the matrix
These form an Abelian group.
Group multiplication
For two two-dimensional vectors, related by a rotation, we have
They have the same length, i.e. Conversely we get the rotation angle α through
The ω-functions
Definition
For an angle α we introduce the ω-functions by
We then have the following properties
For two angles α and β we introduce
We then find
We also have the relation
or explicitly ω + (α + β) = cos βω + (α) + sin βω − (α) (C.14)
This gives the following relations
and finally
Appendix D The Rational Parallelogram
A parallelogram with its sides u 1 , u 2 and diagonals u 3 , u 4 being positive rational numbers is called a rational parallelogram It is governed by the parallelogram equation
In [7, 8] we found a bijective parameter representation for all rational parallelograms. It is given by the rational scaling parameter
and two rational parameters m,n 0 < m < 1, 0 < n < 1 (D.
3)
The representation is given by
Special cases:
Rectangle:
From (D.4) and (D.5) we find
From (D.13) we find
This is a parameterization of a rational parallelogram by u 1 > 0, u 2 > 0, and 0 < m < 1
From (D.14) we find
This is a parameterization of a rational parallelogram by And conversely
Using the ω-functions we get in matrix notation the representation
and conversely
Similarly we find the representation
Finally we introduce the two Euler angles σ, δ through
we find, using (C.19), (C.22), (C.24), (C.25) the relations
resulting in the representation 
Appendix E Auxiliary Functions
For an angle α and a number Q we introduce the functions
We now introduce the T-matrix
and find the following properties
T R(α)T = R(−α) (E.9) 
